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CU� Q�R�� Q�OQ�� � � w sQH w u�tR Ovv�t OvW���t u��� p��k CU�yv� Q�Okt �xOvyO u�Wv xm OOa

�OvW���t Q�PoQ�F��D xR�Ov� w CyH �xYNWt wO Qy �yv� QO xm ���yC�tm u��� ��Q�

u�mt Q�OQ�

C�YDNt ��O�t �wQ u� ��OD�� xm O�OV��tv �Wri CQwY x� u�wD�t �Q u�mt Q�OQ� �UOvy Q�v R�
s�kDUt ���DQ� �OOa CQwY x� Q�OQ� l� V��tv �OW���t Q�v OQwt x�kv Q� j��vt u� ��yDv� w
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OQm pta Q� R VwQ x� u�wD�t 
 �x� w�R w �v� x�rw� CaQU �� x��DQB l� Gw� ��iDQ� w
OwW QiY �� Q��Q� x�kv u� QO y QwLt ��DU�Q QO x��DQB CaQU xm CU� ��x�kv Gw� �x�kv

O����t Vy�m x��DQB ��iDQ� w O�O Oy�wN CyH Q��eD vy CaQU Q�OQ� Oa� x� x�Lr u�� R� �Q� R

�vy � � � � � ��gt��j � v� sin
�j

� gt � v� sin
 � t �
v� sin


g

y� � � � �H �
�� �

�gt
� � v� sin
t

�
�j

�
�
� �

�g
�v� sin


g

��
� �v� sin
�

�v� sin

g

��
�j

� �H �
v�� sin

� 


�g
�j

��iDQ� x� �D OW���t x��DQB CmQL u�tR pm hYv �� Q��Q� Gw� �x�kv �D x��DQB uO�UQ u�tR
OOQoR�� ��DQB �x�kv

�x � �v� cos
�i�t

�R � v� cos

��v� sin


g

�
�i �

v�� sin �

g

�i

Q�Ut �xrO�at R� xO�iDU� �� OOQo�t R�� ��DQB �x�kv ��iDQ� x� x��DQB xm �t�ovy �Qo�O VwQ x�

CWwv u�wD�t CmQL

y � � � � �
�g�R��

�v�� cos� 

�R tan
� R �

v�� sin �

g

��Q� O�vm C��F TBU w OW Oy�wN xv�W�� ���DQB CmQL OQ� ���DQB R� ��x� w�R xJ QO O�yO u�Wv ��

�Ow� Ovy�wN �w�Ut �yOQ� �OvQDtm �� w QDW�� x� w�R u� R� xR�Ov� l� x� xm ���yx� w�R
�pL

R �
v�� sin �


g
� Rmax � dR

d

� �

� dR

d

�

v��
g
� �� cos �
 � �

� cos �
 � � � �
 �
�

� � 
 �
�

�
�Ow� Oy�wN xv�W�� ���DQB CmQL OQ� ��� �x� w�R QO

� � �
�

� � 
� � � � �
�

� � 
�

� R� �
v��
g

sin�� �
v��
g

sin�
�

� � �
� � v��
g

cos �


R� �
v��
g

sin�� �
v��
g

sin�
�

� � �
� � v��
g

cos �
 � R�
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�s�vm�t ��DQB ji� x� C�Uv 
 �x� w�R �� w �v� �x�rw� CaQU �� �Q �tUH 
���� pmW� j���t ��

CUOx� A �x�kv QO �Q sUH �Owta CaQU �oQR� �wy Ctw�kt �wQ�v R� uOQm Q�vhQY ��
�O� Qw�

�

�

�

�

��

�

���� pmW

�y � h�j �pL
��xrO�at R� CU� QDy� TB CU� xOWv KQ�t u�tR x� 	H�Q �D�aq�� I�y xr��Ut u�� QO

�CU� xOW hPL u� QO u�tR xm s�vm xO�iDU�

v�y � v��y � ��ay��y � y��� v�y � v��y � ���g��y � y��

� v�h � �v� sin
�
� � ��g�h� ��

� v�h � v�� sin
� 
� �gh

� vh � �
q
v�� sin

� 
� �gh

��wH xm Ot� CUOx� A �x�kv QO CaQU ��Q� xv� Qk ��wH wO wQx� wQ �xrO�at j�� uwvm �
�OW���t �ivt CaQU w CU� u���B x� wQ CmQL A �x�kv QO �Q� R OW���t pw�k p��kQ�e C�Ft

�OW���t Gw� x�kv x� uO�UQ R� p�k h ��iDQ� QO ��x�kv ��Q� C�Ft ��wH

�x�kv R� x��DQB CmQL Q�Ut xm O�vm u��aD �Qw� �Q x��DQB �x�rw� CaQU 
���� pmW� j���t ��

�Ovm Qw�a A �

�
�

��

�

�

� �

��� pmW

j��vt x QwLt xm s�vm�t ��NDv� ��xvwo x� �Q C�YDNt x�oDUO �oO�U ��Q� xr��Ut u�� QO �pL
s� Q�O Cr�L u�� QO s�yO�t Q�Qk x�oDUO ��O�t �Q B �x�kv w OW�� BA 
N Q�

�ax � g sin
�i � �ay � �g cos
�j

s� Q�o�t Q�v QO A �x�kv �D CmQL u�tR �Q t

yA � yB � � � �yA � � �
�
��ayt

� � �v�yt

� � �
�
���g cos


�j�t� � �v� sin ��j�t

� �v� sin ��t � �
�
�g cos
�t

� � t �
�v� sin �
g cos


�xA � jABj�i � d

cos

�i

�xA �
�
��axt

� � �v�xt �
��
�g sin


�i
�
t� � �v� cos ��i�t

� d

cos

�

�
�g sin


��v� sin �
g cos


��
� v� cos �

��v� sin �
g cos


�
� d �

�v�� sin� � sin

g cos


�
v�� sin��

g

� d � v��

�� sin� � tan
� sin��
g

�
� v� �

s
dg

� sin� � tan
� sin ��
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Qo � �va� CU� ��wH �vw�Uv�t�O p�rLD l� R�i QO ��wH ���yv ���� RQ� ��yx�Q R� �m�
C�tm l� �xOvyO u�Wv QDt�Q�B Qy ��wH u�� QO s� Qw� CUOx� �QDt�Q�B CQwY x� �Q ��wH
�xOvyO u�Wv xm �O�Oa� �QDt�Q�B CQ��a l� QO w OQ�O �Q OwN X�N OL�w w OW���t �m� R�i
��Q� �OvwW�t O�H�� �	�� Q C��U�Lt QF� QO w OvDUy OL�w uwO� OvDU�v �m� R�i ��yC�tm

OW�� m�s CQwY x� O��� ���yv ��wH OL�w q�� �xr��Ut QO p�Ft

m�s �

s
�m��m�s��

�mm���mm�� � �mm�
�

s
m�

s�
�

m

s

��Uv ��DW w CaQU
QO �Q��k w O�DUy Q��k uo �w QO �tW xm �t�ovy �O��xOQm QiU Q��k xr�Uw x� p�L x� �D  �tDL
CU� xOt�QO CmQL x� �tW Q��k xm OQm O�y�wN T�UL� �tW O���tQO CmQL x� �tW CQw�Ht
QiY �tW CaQU xm O� wW�t xHwDt O�vm�t x�ov x�oDU�� ��yQ�w�O �� u�tR x� xm �t�ovy �t�
u�� p�rO w O��xOW p��k OwN ��Q� �Q Cw�iDt CaQU wO �tW Ov��Qi u�� QO �O�DUy um �U w CU�
Q��k QO �Q!�v O�O R� �tW pw� Cr�L QO �OW���t Cr�L wO u�� QO �tW Q� Q!�v x�oDUO Cw�iD Qt�
Qw�Ht Q��k x� pYDt xm �y�oDUO QO CaQU u�� �va� O��xDiQo xR�Ov� �Q OwN CaQU u�DQw�Ht
xDio u�DQw�Ht Q��k x� C�Uv �tW ��Uv CaQU �CaQU u�� x� �CU� xOW �Q�oxR�Ov� OW���t
�UQv�� �� um �U x�oDUO u�ty xm OW���t u�tR �tW Q� Q!�v x�oDUO swO Cr�L QO �t� OwW�t

�CiQo Oy�wN xR�Ov� �Q �tW �k�kL CaQU x�oDUO u�� x� pYDt Q!�v w CU�
sUH x� C�YDNt x�oDUO l� CU� �i�m B sUH x� C�Uv A sUH CaQU x�U�Lt ��Q�

s�vm �Q�oxR�Ov� x�oDUO u� QO �Q A sUH CaQU w s�v��UJ� B

�

�

�

�

� �

�
�

� �

�

�

�� ����

������

��

���� pmW

x�Lr QO B sUH x� xO��UJ C�YDNt x�oDUO QO A sUH u�mt 
����� pmW x� xHwD ��
A sUH xmu�� Q� xwqa ��t� u�tR CWPo R� TB �OW���t �R� � x��i� y��j CQwYx� t�
R�v B sUH x� pYDt x�oDUO OyO�t u�mt Q��eD ��RA � �VA��t� u�R�t x� xv�o �OH Qw�x�
x�oDUO QO A sUH O�OH u�mt w OwW�t �Hx��H �RB � �VB��t� u�R�t x� B sUH x�Qty

Ow� Oy�wN Q� R pmW x� t� ��t x�Lr QO B sUH x� pYDt

�R� � �R� ���RA ���RB � �R� ��t��VA � �VB�

sUH ��Uv CaQU x�Lr Qy QO s�v�wD�t s�yO p�t QiY CtU x� �Q �t Q�Okt Qo � p�L
s����� �Q B sUH x� C�Uv A

�R� � �R� � �t��VA � �VB�

B sUH x� xO��UJ x�oDUO QO A sUH CaQU �
x�oDUO u�� QO A sUH ���Hx��H

u�tR Q��eD
� B x� C�Uv A CaQU

�VA�B � lim
�t��

��RA�B

�t
� lim

�t��

�R�t���t� � �R�t��

�t

� �VA�B � lim
�t��

�R� � �R�
�t

� �VA � �VB �
d�RA�B

dt
� �VA�B � �VA � �VB
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	HQt x�oDUO l� x� C�Uv B w A lQLDt wO ��yCaQU �VB w �VA xOt� CUOx� x���Q QO
A sUH x� C�Uv B sUH CaQU xm O�O u�Wv u�wD�t CQwY u�ty x� �OvW���t u�tR Ovv�t

�� CU� Q��Q�
�VB�A � �VB � �VA

Ovm�t jOY R�v ��Uv ��DW OQwt QO 
��wQ u��

�aA�B � �aA � �aB

�aB�A � �aB � �aA

�s�vm p�O�D vy w vx x� �Q y w x ��yQwLt CU� �i�m ��Uv ��DW x���Q C��F� ��Q�
�ywQOwN u�� Qo � �OvW���t CmQL QO 
����� pmW Ovv�t B w A ��ywQOwN x�QQ�yJ l� QO ��

�O����� �Q wQOwN wO u�� u�� xrY�i pk�OL �OvW�� xOW xO�O u�Wv ��yu�mt QO t� x�Lr QO

�
�� ������

��

�

�
�����

���

��

�

�




���� pmW

x� C�Uv �Q B sUH CaQU w s� Q�o�t Q�v QO um �U �Q A sUH xr��Ut u�� pL ��Q� �pL
�s�vm�t x�U�Lt A sUH

�VB�A � �VB � �VA � �����j � �����i � ���j � ��i

�� B sUH s� Q�o� Q�v QO um �U �Q A sUH Qo � OyO�t u�Wv 
����� pmW xm Qw�u�ty
sUH xrY�i u� QDtm �t� OQm Oy�wN Qw�a A sUH Q�vm R� w OQm Oy�wN CmQL �VB�A CaQU
��wH xm Ow� Oy�wN AH Owta u�ty B sUH CmQL Q�Ut �va� �VB�A CaQU O�ODt� R� A


���� pmW� OW���t xr��Ut

AH � AC sin � � AC � DE � BD �BE � �m

sin � �
EC

BC
�

AD

BC
�

�p
��� � ��

� ���� � AH � ���m

�

�

����




�	

��
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�

� �

�

���� pmW

x� s�y�wN�t �CU� CmQL p�L QO �wvH x� p�tW R� Vw � �m�s CaQU �� ��xv�NOwQ �� ��

um �U �� QO �QwDwt j��k CaQU Qo � s�vm �� �Q xv�NOwQ u�� ZQa �QwDwt j��k l� xr�Uw

xv�NOwQ ZQa L � ��m� OW�� Vb � �m�s �� Q��Q�

�

�

�

�

���� pmW

�O����� �Q xv�NOwQ ZQa R� Qw�a ��Q� sRq u�tR u� QDtm QO j��k 
UwD xOW �� Ci�Ut 
hr�
�O����� �Q umtt Ci�Ut u� QDtm j� Q� R� xv�NOwQ ZQa R� Qw�a ��Q� sRq u�tR 
�

CaQU �va� �OW���t �m�s �� Q��Q� um �U �� QO j��k CaQU s�� wo�t xm �t�ovy 
hr� �pL
QO v �	Qi CaQU �� xv�NOwQ �� Qo � �Q� R �Ow� Oy�wN �m�s ����QW Qy QO �� x� C�Uv j��k
CUOx� OwN QwDwt 
UwD xOW O�H�� CaQU Q� xwqa �Q CaQU u�� R�v j��k �OW�� CmQL p�L

Ow� Oy�wN Q�PoQ�F��D j��k CaQU Q� �� CaQU xYqN Qw�x� w OQw� Oy�wN
Vb QwDwt 
UwD pY�L CaQU �� um �U �� QO j��k CaQU
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Vw xv�NOwQ �� CaQU
�VB � j��k pm CaQU � �Vb � �Vw

� �Vj��k  �� �
�VB � �Vw � �Vb � �Vw � �Vw � �Vb

�

���

�

���

�

������

�

�

���� pmW

Qo � p�L �OwW�t xOy�Wt �m�s j��k CaQU s� Q�o� Q�v QO um �U �Q xv�NOwQ �� Qo � TB
�Ow� Oy�wN xv�tm j��k CmQL u�tR �OW�� xv�NOwQ ZQa ��DU�Q QO pt�m CQwYx� CaQU u��

�Vj��k  ��kxv�NOwQ ZQa � �Vj��k  ��k�j
�Vj��k  �� �

�Vbk�j � �Vb � Vb�j � ��j �m�s�

s� Q�O j��k pm CaQU ��Q� w Ow� Oy�wN �j ��DU�Q QO QwDwt R� pY�L CaQU TB

�VB � �Vb � �Vw � ��j � ��i

�

�

��

�

���

��

�	�� pmW

Cr�L QO j��k CmQL Q�Ut �OW���t T�tt CaQU ��DU�Q Q� CmQL Q�Ut xm ���Hv� R� w

���� pmW� CU� x�U�Lt p��k Q� R pmW x� AC pw� w Ow� Oy�wN AC 
N �wQ Q� "hr�#

cos � �
j�Vbj
j�VB j

�
�p

�� � ��
� ����

AB � AC cos � � AB � L � ��m � AC �
��

���� � ����m

AB�j � Vb�j��t�� � �t� �
��
� � �s sRq u�tR u� QDtm

u�ty �va� xv�NOwQ ZQa Q�Ut j��k xm ODi��t j�iD� �v�ovy umtt Ci�Ut u� QDtm 
�
�OW�� AB Q�Ut ��DU�Q QO O��� j��k pm CaQU Qt� u�� ��Q� �Ovm �� �Q AB Q�Ut

�VBkABk�j � �VB � �Vb � �Vw � �Vb � ��i
��Vb � ��i�k�j � �Vb � V �b�j � ��i � j�Vbj � �m�s
� �� � �� � �V �b �

� � �V �b �
� � � � V �b � �m�s � �Vb � ��j � ��i

� �VB � ��j � ��i� ��i � ��j�m�s�
AB�j � VB�j��t�� � �� � ��t� � �t� � ���s
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O��Btr� EL��t
w s� R�OQB�t �QD	t�H pmW x� xOW KQ�t C�aw	wt �xQ�� QO EL� x� O��Btr� CtUk QO
�OQ� s�y�wN xQy� �yv� R� QDxOJ�B p��Ut pL QO xm OQm s�y�wN KQ�t �Q �O�OH C�aw	wt u�vJty
CW�O s�y�wN �Oa� wO w �Oa�l� l�D�tv�U QO xOt� CUOx� 
��wQ Q� �QwQt �rm Qw�x� �OD��

u�mt Q�OQ� �r � x�i

�v �

��
�r

�t
�

�r� � �r�
t� � t�

�
�x� � x��

t� � t�
�i

�v � lim
�t��

��
�r

�t
�

d�r

dt

� �!"��
�� ��

�#	$��%�&�
��
��

�
�� pmW

u�Wv 	f O�tv �� �Q u�tR x� C�Uv f Ovv�t u�tR R� x�wNrO 	��D Qy jDWt Oa� x� CtUk u�� R�
s�y�t

df

dt
� 	f �

dg

dt
� 	g � �v �

d�R

dt
�

	�R

�CU�J QO �R�t� w f�t� 	��D wO u��t Cw�iD xm O�� OwHw x� u�D��Q� p��wU u�� O��W
�t �OwQw Qy ��R� x� �va� CU� Qr�mU� 	��D l� f�t� 	��D �CU� xO�U Q��U� p��wU u�� MU�B
�va� OW���t �Q�OQ� 	��D l� �r�t� 	��D xm �DQwY QO �O�O Oy�wN p� wLD OOa l� �tW x� 	��D
O�UQB� O��W p�L �CW�O O�y�wN 	��D �HwQN u�wva x� �Q Q�OQ� l� �tW t �OwQw Qy ��R� x�
�r�t u�� xYqN CQwY x� �Hv�� QO �OW���t x�U�Lt p��k xvwoJ �Q�OQ� 	��D l� QO jDWt
�CN�OQB s�y�wN �w	wt u�� KQW x� pYit Qw�x� �Oa� ��yCtUk QO �t� s�yO�t K�	wD �Q
x�U�Lt jDWt h� QaD R� xO�iDU� �� Qr�mU� 	��D l� jDWt Ovv�ty �Q�OQ� 	��D l� jDWt
xm sUH u� u�mt 	��D R� �Q�ojDWt xr�Uw x� Oa� wO QO lQLDt l� CaQU p�Ft ��Q� �OwW�t

O���t CUOx� CU� �Q�OQ� 	��D l�

�r�t� � x�t��i� y�t��j

�v�t� � lim
�t��

��
�r

�t
� lim

�t��

�r�t��t� � �r�t�

�t��t�� t

� lim
�t��

�
x�t��t�

�i� y�t��t�
�j
�� �x�t��i� y�t��j

�
�t

� lim
�t��

�
x�t��t� � x�t�

�
�i�

�
y�t��t� � y�t�

�
�j

�t

� lim
�t��

�x�t��t� � x�t�

�t

�
�i� lim

�t��

�y�t��t� � y�t�

�t

�
�j � 	x�i� 	y�j

� 	�r � 	x�i� 	y�j � �v

OwW�t Qy�! Qo�O �Q�OQ� CQwY x� R�v u�tR �UL Q� Q�OQ� l� jDWt O�v���t xm Qw�u�ty
x�U�Lt CQwY u�ty x� u�wD�t R�v �Q CaQU jDWt �CU� x�HwD p��k jDWt h� QaD x� xHwD �� xm

�OQw� CUOx� �Q ��DW Q�OQ� w OQm
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Oa�l� QO �m�D�tv�U ���wQ Q� �QwQt

�r � x�i

�v �
��r

�t
�

�x

�t
�i � ��

�r � �v�t

�v � lim
�t��

��
�r

�t
�

��
dr

dt
� 	�r �

d�x�i�

dt
�

dx

dt
�i� x

d��i�

dt

�Ow� Oy�wN QiY �� Q��Q� d�
�i�

dt
�xrtH �CU� u�tR R� pkDUt w C��F�i �xm� Q�OQ� xm ���Hv� R�

�v � 	�r � 	x�i

�a �

��
�v

�t
� ��
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